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Abstract 

The spinorial geometry method is an effective method for constructing sys- 
tematic classifications of supersymmetric supergravity solutions. Recent work on 
analysing highly supersymmetric solutions in type IIB supergravity using this 
method is reviewed [HE]- It is shown that all supersymmetric solutions of IIB 
supergravity with more than 28 Killing spinors are locally maximally supersym- 
metric. 
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1 Introduction 



The classification of supersymmetric supergravity solutions is of importance in the con- 
text of string theory; it is also of intrinsic mathematical interest. The initial classifica- 
tion was constructed for certain four- dimensional theories in [3]. Following this work, 
the first classification of supersymmetric solutions in a higher dimensional theory was 
constructed in [1], where all supersymmetric solutions of the minimal ungauged N = 2, 
D = 5 supergravity theory were classified. This was then extended to more complicated 
five-dimensional theories O El [7j. These classifications were used to investigate black 
holes in five dimensions; in particular, they were used to find a supersymmetric black 
ring [8], as well as the first example of a "black Saturn" solution [9], [6], consisting of an 
arbitrary number of concentric black rings, with a black hole at the centre. The first reg- 
ular, asymptotically AdS^, black holes were also found in [10] using the five-dimensional 
classifications; these solutions have since been further generalized pT] [12] . 

These low-dimensional classifications were constructed by investigating the properties 
of differential forms obtained from bi-linears in the Killing spinors. These forms satisfy 
algebraic constraints, which follow from the Fierz identities, and also differential con- 
straints arising from the Killing spinor equations. The constraints imply the existence of 
symmetries and different types of geometric structures together with constraints on the 
various fluxes which appear in the theories. This method was successfully used to find so- 
lutions preserving low proportions of supersymmetry in low-dimensional supergravities, 
and also in D = 11 supergravity [13],[14]. However, is not particularly well adapted for 
investigating more complicated theories, such as type IIB supergravity. Furthermore, 
it is difficult to use it to classify, in a systematic fashion, solutions preserving higher 
proportions of supersymmetry. It is, however, possible to construct restricted classifica- 
tions of solutions if one assumes that the solutions have additional constraints on the 
spacetime geometry, such as product structures involving AdS geometries [HI HH [T7| , a 
number of which are of interest in the context of the AdS/CFT correspondence. 

Recently, considerable further progress has been made using techniques of spinorial 
geometry. This was originally formulated to classify solutions of -D = 11 and type IIB 
supergravity [TH [191 120] , and has also been applied to heterotic and type I supergravity 
[2T| [22] . as well as various supergravity theories in lower dimensions [23l [2ll [251 [26l [27] . 
In applying the spinorial geometry method to a particular theory, the first step is to write 
the spinors as differential forms [2S1 [22] and determine the action of the Cifford algebra 
generators on the spinors, working in an appropriately chosen basis. Then, one applies 
gauge transformations to the spinors, in order to reduce them to simplified canonical 
forms. The simplified spinors are then substituted into the Killing spinor equations, or 
their integrability conditions, and constraints on the spacetime geometry and fluxes are 
thereby obtained. 

The spinorial geometry method allows one, for the first time, to perform a complete 
and systematic classification of supersymmetric solutions preserving large amounts of su- 
persymmetry, without imposing any additional assumptions on the spacetime structure. 
In this context, it is notable that a complete classification of maximally supersymmetric 
solutions of type II and D = 11 supergravity has been constructed only comparatively 
recently [201 • A natural progression of this analysis is to consider solutions of type II and 
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D = 11 supergravity preserving the next to maximal proportion of the supersymmetry, 
i.e. for which the space of Kilhng spinors is 31-dimensionaL Such hypothetical solutions, 
termed preons, were considered in [3T1 [32] , although no explicit solutions were found. 
Partial non-existence theorems were constructed [33j, but the status of preons remained 
unresolved for some time [31]. Using spinorial geometry techniques, it has been proven 
that there are no preons in IIB supergravity [1], and also no preons in D = 11 super- 
gravity [HSl [36] . In this review we will concentrate on highly supersymmetric solutions 
of IIB supergravity. We review the non-existence theorem for preons formulated in [1], 
and also an extension of this result found in [2], in which is is shown that there are no 
solutions of IIB supergravity preserving 30/32 and 29/32 of the supersymmetry either. 

The plan of this review is as follows. In Section 2 we review the Killing spinor equation 
of IIB supergravity, and the construction of canonical forms for spinors as differential 
forms. In Section 3, we present a proof that all preon solutions of IIB supergravity are 
locally maximally supersymmetric [Ij. In Section 4 we prove that all solutions preserving 
30/32 of the supersymmetry are locally maximally supersymmetric, and in Section 5, 
we prove that all solutions preserving 29/32 of the supersymmetry are locally maximally 
supersymmetric [2]. In Section 6 we present our conclusions. 

2 Killing Spinors in IIB Supergravity 

In this section, we review the formulation of the Killing spinor equation given in [37] . 
We also present the construction of canonical forms for Killing spinors given in [19]. 

2.1 The Killing Spinor Equations 

The bosonic field content of IIB supergravity consists of the spacetime metric g, two real 
scalars called the axion a and dilaton (p , two complex 3-form field strengths = dA"" 
(a = 1, 2) satisfying = (G^)*, and a real self-dual 5- form field strength F 



where e^^ = 1 = 612- The gradients of the axion and dilaton are combined into a 1-form 
P, and the 3- forms G^, G^ are combined into a complex 3-form G. This is achieved by 
introducing an SU{1, 1) matrix 



FM1M2M3M4M5 — 5d[MiAM2M3M4M5] + -^^af3AfJ^,f^M2^ M3M4M5] 



(2.1) 




(2.2) 



where the components are constrained by 



(\/_2)* = 



(2.3) 



are then fixed in terms of the axion and dilaton by 



1 +i((j-Fie-*) 



l-i{(7 + ie-'t>) 



(2.4) 
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Then the complex 1-form P and complex 3-form G are defined by 

Pm = —^ai3y+dMV+, Gmnr = ~£a/3^+G^jv^ . (2.5) 

A bosonic solution of IIB supergravity preserves a proportion of supersymmetry if 
it admits a Killing spinor e satisfying the gravitino and the algebraic Killing spinor 
equations. 

The gravitino Killing spinor equation is: 
~ i 1 

where 

Vm = — -^Qm + -^^M,AB^ (2.7) 

is the standard covariant derivative twisted with U{1) connection Qm, given in terms of 
the SU (1^1) scalars by 

Qm = -ieapV^dMV^ (2.8) 

and fl is the spin connection. 

The algebraic Killing spinor equation is a purely algebraic constraint: 

PMr'^iCey + lG^^^^^3r^i^^^3, = g . (2.9) 

The Killing spinor e which appears in these equations is a complex Weyl spinor 

e = ?7i + iri2 (2.10) 

where 771, 772 are Majorana-Weyl spinors. The space of Majorana-Weyl spinors is denoted 
by A^g; Majorana-Weyl spinors 77 satisfy 

V = Civl (2.11) 

and C is the charge conjugation matrix with the property that 

C-^FmC = {Fm)* . (2.12) 

A basis can be chosen in which C = Tq^ss- 

2.2 Spinors as Differential Forms 

In order to analyse the solutions of the Killing spinor equations, we shall take the spinors 
to be differential forms. To formulate this construction, first take ei, . . . , 65 to be a locally 
defined orthonormal basis of MP, and let U be the span of ei, . . . , 65 over M. Then the 
space of Dirac spinors Ac is the complexified space of all differential forms over U ; 

Ac = A*([/0C). (2.13) 
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Ac decomposes into even forms and odd forms A^ , which are the complex Weyl 
representations of Spin{9, 1). The gamma matrices are represented on Ac as 

^oV = -65 A 77 + e^^T] 

Tr,ri = 65 A 77 + 65 jr] 

TjT] = ej Ar] + ejjr] j = 1,...,A 

T^+jT] = iej Ai]- iejjr] j = 1, . . . , 4 . (2.14) 

In order to investigate highly supersymmetric solutions, it is necessary to introduce 
a gauge- invariant inner product. First, define an inner product <, > on complexified 
1-forms via 

5 

< z^ea, w^'cb >= J^i^y^"" (2-15) 

a=l 

for z°',w^ G C. This inner product is then extended onto the whole of Ac. The gamma 
matrices are defined in such a way that Tj for j = 1 , . . . , 9 are hermitian and Fq is 
anti-hermitian with respect to this inner product. However, <, > is not Spin{9, 1) gauge 
invariant. It is, however, straightforward to define a Spin{9, 1) invariant inner product 
i? on Ac, given by 

5(ei,e2) =<FoC(ei)*,e2 > . (2.16) 

B is skew-symmetric in £1,62, and vanishes when restricted to A+ or A^. Using B, one 
can then define a non-degenerate pairing B : A^ A~ —>■ R given by 

i3(e,0 = ReS(e,0 • (2.17) 
2.3 Canonical Forms for Spinors 

A key step in the application of spinorial geometry techniques to the analysis of super- 
symmetric solutions is the simplification of spinors using gauge transformations. 

First, consider a Majorana-Weyl spinor rji G Af^. It has been shown that Spin{9, 1) 
has one type of orbit with stabihty subgroup Spin{7) k in A^g [38l [391 HQ]. To prove 
this, one decomposes AJi'g as 

A+ = M < 1 + ei234 > +A'(M^) + As , (2.18) 

where M < 1 + 61234 > is the singlet generated by 1 + 61234, A-'^(M'^) is the vector represen- 
tation of Spin{7) spanned by Majorana spinors associated with 2-forms in the directions 
Ci, 62, 63, 64 and by i(l — 61234); Ag is the spin representation of Spin{7) spanned by the 
remaining Majorana spinors of type 65 A 77' where r]' is generated by odd forms in the 
directions ei, 62, 63, 64. 

In order to simplify r]i, recall that Spin{7) acts transitively on the 5^ in Ag, with 
stability subgroup G2, and G2 acts transitively on the in A^(R'') with stability sub- 
group SU (3) [41j. Using these actions, one can show that r^i lies in the orbit of 1 + 61234. 
This spinor is Spin{7) k invariant. To see this, it is convenient to work in a hermitian 
basis, with gamma matrices 

F^ = -^(F„ + ^F,+5) , F± = -^(F5±Fo) , F, = -^(F, - ^F^+g) (2.19) 
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ior a, (3 — 1, 2, 3, 4, and with metric 

ds'^ = 2e+e- + 25„^e"e^ . (2.20) 
The spinor rji can then be written as 

rji = a(l + 61234) + 01 + 02, (2.21) 
with a & 9i & A^{M.'^) and 62 G Ag There are several cases to consider: 

i) a ^ 0, 02 = 0. Using the transitive action of G2 C Spin{7) on the in A^(M^), 
make a gauge transformation so that 9i = ib{l — 61234), and hence 

Vi = «(1 + ei234) + ib{l - 61234) = V^^T6^6-^*^°(^)ri«(l + 61234) . (2.22) 
So rji lies in the same orbit as 1 + 61234. 

ii) a ^ 0, 62 ^ 0. Using the transitivity of the action of Spin{7) on the S''^ in M®, make 
a gauge transformation and set $2 = cr+(ei + 6234) Also, using the transitivity of 
the action of G2 on the 5"^ in A^(M'^), a gauge transformation can be chosen so that 
9i — ib{l — 61234), and 62 is unaffected. Then 

rj = a(l + 61234) + ^^(1 - 61234) + cr+(ei + 6234) 

= e^r-^%ir^^^a(l + 61234). (2.23) 

Again, rji lies in the same orbit as 1 + 61234. 

iii) a — 0. This orbit is represented by cr"'"(ei + 6234), which is also in the orbit of 
1 + ei234, using the action of the T^i generator of Spin{9, 1). 

So in all possible cases, by making a gauge transformation, one can set 

r/i = /(l + ei234) . (2.24) 

Having simplified the structure of r^i, it is then straightforward to write e = rii + irj2 in 
a simplified canonical form; one applies Spin{7) k M.^ gauge transformations to e, which 
leave r]i invariant, and are chosen to simplify 772 as much as possible. 

By using Spin{7) gauge transformations, which leave rji invariant, one can write 

r]2 = 61(1 + 61234) + ^^2(1 - 61234) + &3(ei5 + 62345) • (2.25) 
There are again various cases to consider. 

i) If 63 7^ 0, then note that there exists a transformation such that 

r,^ = e 263^ r bsT+iei + 6234) . (2.26) 
Hence, by using a Spin{7) K gauge transformation, one can take 

V2 = g{eib + 62345) • (2.27) 
The stability subgroup of Spin{9, 1) which leaves rji and 772 invariant is G2. 
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ii) If 63 = then 

^2 = gi{l + 61234) + ig2{l - 61234) (2.28) 
and the stabihty subgroup of Spin{9, 1) which leaves rji and 172 invariant is SU{A) k 

iii) If 62 = 63 = then 

V2 = g{l + 61234) (2.29) 
and the stabihty subgroup of Spin{9, 1) which leaves rji and 772 invariant is Spin{7) x 

To summarize, there are three canonical forms for a single even complex Weyl spinor 
e e A+: 

Spin{7) K . e = (/ + (1 + £1234) , 
5[/(4) K . e = (/ + 2(71 - ^2)1 + (/ + ^^?l + /72)ei234 , 

G2 : e = /(I + 61234) + ^5'(ei5 + 62345) • (2.30) 

Furthermore, a directly analogous computation can be used to reduce a single odd com- 
plex Weyl spinor 1/ G A~ to one of three canonical forms, with stability subgroups 
Spin{7) K R8, SU{A) k R^ or G2: 

Spin{7) K R^ : u = {n + im){e^ + 612345) , 
SU{A) K R^ : z/ = (n - £ + 2m)65 + (n + £ + im)ei2345 , 

: = 72(65 + 612345) + ^"T'(6i + 6234) • (2.31) 



3 Solutions with = 31 Killing Spinors 

In this section, we shall prove that there are no solutions of type IIB supergravity which 
admit exactly 31 linearly independent Killing spinors. We recall that the maximally 
supersymmetric solutions, i.e. those which have 32 linearly independent Killing spinors, 
have been fully classified in [30]. There are only three maximally supersymmetric solu- 
tions: R^'i (with F = 0, P = 0, G = 0), AdS^ x (with P = 0, G = but F ^ 0), and 
a maximally supersymmetric plane wave solution (which has P = 0, G = but P 7^ 0). 

In order to construct a non-existence theorem for preons in IIB supergravity; suppose 
that there exists a solution with exactly (but no more than) 31 linearly independent 
Killing spinors over R. Denote these Killing spinors by for r = 1, . . . , 31. The space 
of Killing spinors spanned by the is orthogonal to a single normal spinor, v G A~ with 
respect to the Spin{9, 1) invariant inner product B. Using the results of the previous 
section, this normal spinor can be brought into one of three simple canonical forms using 
Spin{9, 1) gauge transformations, given in (12.310 . 

One can write 

32 

6'" = $^/W (3.32) 

i=l 
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where f^i are real, 77^ for p = 1, . . . , 16 is a basis for A^g and t^^^+p = irj^. The matrix with 
components f^i is of rank 31, as the functions f^i are constrained by the orthogonahty 
condition, 

i3(e",z/) = (3.33) 

for r = 1, . . . , 31. 

There are three cases to consider. In the first case, u = {n + im){e^ + 612345) is 
Spin{7) K invariant. One writes the Kilhng spinors as 

= ri(l + 61234) + rm{l + ei234) + fkv" , (3.34) 

where here r]^ denote the remaining basis elements of A^, complementary to 1 + 61234 
and i(l + 61234). On substituting the spinors e*" into f l3.33p . one obtains the constraint 

fm - f \jm = . (3.35) 

Without loss of generality, one can take n 7^ 0, and eliminate f"^i to obtain 

= llH^rn + m)(l + 61234) + fkv' ■ (3-36) 
n 

Similarly, for the cases when u is SU{A) k M*^ and G2 invariant, one finds 



^'''■[{m + zn)(l + 61234)] + ^[^(1 + ei234) - n{l - 61234)] + fkv' 



n n 

cr 



e'' = —^[m{l + 61234) + «"-(ei5 + 62345)] + fkv'' 1 (3-37) 

where in each case r]'^ denote the remaining basis elements for A^ which are orthogonal 
to u and which do not depend on the functions various m, n, £ which appear in u. On 
substituting these spinors into the algebraic constraint (12. 9p , and using the fact that the 
matrix /^j is of rank 31, one obtains the following constraints when u is Spin{7) x R^- 
invariant: 

PmT^'C * [(m + m)(l + 61234)] + ^GM,M,M,T''^'''''^{m + tn){l + 61234) = , 
PMr'^'v'' = , Gmmi,T'^''''''''v'' = , p = 2, . . . , 16 . (3.38) 
In the SU{4:) k M.^ case, one finds 

Pm^^'C * [{m + m)(l + 61234)] + ^GM,M,M,T''^'''''''{m + m)(l + 61234) = , 
PmT'^'C * + 61234) - n{l - 61234)] 

+ ^GMM4sr^''^'''"'m + ei234) - n{l - 61234)] = , 

PmT^'C * [^(1 - 61234)] + ^GM,M,M,r'''''''^''m - ei234)] = , 
PmT^'v'' = , GMMisr''''''^S' = , p = 3, . . . , 16 , (3.39) 
and in the G2 invariant case one finds 

PmT^^G * [m(l + 61234) + m(6i5 + 62345)] 



7 



+ ^GM,M,MsT^''''''^''[m{l + ei234) + ^n(ei5 + 62345)] = , 

PmT^'C * + 61234) + ^GM,M,M,T'^''''''''{t{l + 61234) = , 

PmT^'C * (615 + 62345) + ^GM,M,Msr^''^''^''{ei5 + 62345) = , 

PMr^'v" = , GM,M,M:,r^'^''^''v'' = , p = 2, 4, . . . , 16 , (3.40) 

where again, in each case, 77^ denote even Majorana-Weyl spinors, which do not depend 
on the functions m,n,£, and are such that the pair {vj^^ivj^) are basis elements of 
which are orthogonal to v. On substituting these particular basis elements into (12.91) . and 
noting that the presence of the operator C* in this equation induces a relative minus 
sign when evaluated on rf and irf, one finds that (12.91) factorizes when evaluated on 
these basis elements. 

Consider the constraint 

PmV^'t^^ = (3.41) 
evaluated on these spinors. In particular, in all cases, one can take 
1 1 

rf e {60102 — -eQiQ2/3i/326/3i/32) ^(eaiaa + 2^"i°2/3i/326/3i/32) • «1 ) ^2 , , = 1,2,3,4} (3.42) 

and on evaluating (13.411) acting on these spinors, one finds that all components of P with 
the exception of P_ are constrained to vanish. Next, taking 

1 1 

r/^ G {ea5 + 7^0/31/32/93^/31/32/335, "^(605 — -^^aPxP2li3^Pil32liz^) : « = 2, 3, 4} (3.43) 

D 

for all three cases, and evaluating (I3.4ip on these spinors, one finds that P_ = also. 
Hence, for all three possible normal spinors one obtains the constraint 

P = . (3.44) 

It follows directly that (12.91) implies that (7 = 0; this is because the constraint P = 
implies that (12. 9p is linear over C Hence, if there are 31 linearly independent solutions 
to (12.91) . there must be 32 linearly independent solutions, i.e. 

Gm,m,m,T^''''''''V = (3.45) 

for all r] G A'j_. This forces all components of G to vanish. 

Hence, we have shown that type IIB supergravity preons must have P = and G = 0. 
To complete the analysis, consider the gravitino Killing spinor equation (12. 6p . As P = 0, 
G = 0, this equation is linear over C Therefore, if it has 31 linearly independent 
solutions, it must in fact admit 32 linearly independent solutions. It follows that the 
solution must be locally isometric to one of the maximally supersymmetric solutions. 



4 Solutions with = 30 Killing Spinors 

In this section, we review the analysis in [2], in which it is shown all solutions of type IIB 
supergravity preserving 30/32 of the supersymmetry are locally isometric to maximally 
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supersymmetric solutions. To prove this, we make use of a result found in [12], in which 
it is shown that all solutions of type IIB supergravity preserving more than 24/32 of the 
supersymmetry are homogeneous, and moreover, the ten linearly independent Killing 
vectors are symmetries of the full solution. In particular, the Lie derivative of the axion 
and the dilaton with respect to these Killing vectors vanishes. Hence, for these solutions, 
one finds that 

P = . (4.46) 

We remark that the proof given in [12] was constructed after the non-existence proof for 
preons was constructed in [1]. It is clear that for preonic solutions preserving 31/32 of 
the supersymmetry, the constraint P = obtained from [l2] immediately implies that 
such solutions are excluded, as a consequence of the reasoning following fl3.44p at the 
end of the previous section. 

We begin by considering the case of solutions preserving 30/32 of the supersymmetry. 
Assuming that such solutions exist, we must have P = 0, and so the algebraic constraint 
(12. 9p simplifies to 

lG^,^,^3r^^^^^3, = . (4.47) 

Note that this constraint is linear over C, and so the Killing spinors which satisfy this 
equation must be orthogonal to a normal spinor u G with respect to the inner 
product B. Again, u can be brought into one of three simple canonical forms (I2.3ip 
using Spin{9, 1) gauge transformations. The solutions to the algebraic Killing spinor 
equation are 

15 

e^ = J]z%r7% (4.48) 

s=l 

where r]^ is an appropriately chosen basis normal to z/ and z is an invertible 15 x 15 ma- 
trix of spacetime dependent complex functions. The algebraic Killing spinor constraint 
(12. 9p is then equivalent to 



^G^v.iv.iVar^^^^^^r/^ = . (4.49) 

There are three cases to consider, corresponding to the types of normal spinor i/. In all 
cases, one can choose the basis (77*) to have 13 (very simple) common elements, which are 
orthogonal to z/: e^g, Cispg, Cip, eig for p = 2, 3, 4 and 615 — 62345. Substituting these basis 
elements into the algebraic Killing spinor equation (14. 49 p . we find that the non- vanishing 
components of G satisfy 

1 _ 1 _ 

mini — ~2 234 ; ^ — hi ~ 2 234 ) "-^+11 — ^+mm j 
Glmfh = —1^*234 , G^^i = 1^234 5 (4.50) 

where m = 2,3,4, and there is no summation in the repeated m indices. All other 
components of G vanish. The remaining two basis elements are case-dependent on the 
type of normal spinor u: 

Spin{7) kR^ : 1 - 61234, 615 + 62345 , 
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SU (4) K : ei5 + 63345, {n - ^ + im)l - {n + ^ + im)eu34 , 

G2 : 1 - 61234, "^(1 + 61234) + m(ei5 + 62345) • (4.51) 

In all three cases, substituting the remaining basis elements into (14 .491) . one obtains the 
conditions 

^234 = 0, 6-234, G+ii = (4.52) 

which is sufficient to constrain all components of G to vanish. 

It remains to consider the integrability conditions of the Killing spinor equations for 
solutions with G = P = 0. For such backgrounds, the curvature 71 = [D,!)] of the 
covariant connection V of IIB supergravity can be expanded as 

T^MN = 2^TI[j^)pqT^^ + -^{T^in)qi-Q4,^^^"''^'^ ' (4.53) 

where 

('7^2 \ _ 1 p 1 F r Q1Q2Q3 rp, , , 

\^MN)PiP2 — J^MN,PlP2 - l2^M[Pl ^\N\P2]QlQ2Q3 ■: 

i'^MN)Pi---P4 = ^D[mFn]Pi...P4, + ^FMNQiQilPi^PiPsPi]^^^'^ ■ (4.54) 

The and tensors satisfy various algebraic constraints, following from the Bianchi 
identities and field equations: 

{Tlm)piP2 = (Tp^P2)mn , 
{Tm[p^)p2P3\ = ) 
{Tmn)p = ) 

i'F[p^P2)P'iPlP5P6] = 

{Tmn)piP2P3 ^ ^ \ 

(TMlpJPiPsPiPs] = --^'^PlP2P3P4P5'^^^^'^^^^^''iFl^[Qi)Q2Q3Q4Q5] ' (4.55) 

and {T^ Pi{m) N)P2PzP4, is totally antisymmetric in Pi, P2, -P3, Pi- The integrability condi- 
tions of the gravitino Killing spinor equations are equivalent to 

7^e'■ = . (4.56) 

One can obtain constraints on the tensors and by directly evaluating these con- 
straints on the basis elements 77* and using the constraints and symmetries of T^, T^. 
However, it is more straightforward to analyse the constraints by adapting the method 
used in [52] to construct a non-existence theorem for preons in D = 11 supergravity. In 
particular, observe that the constraint TZe^ = implies that 

T^MN,ab' = UMN,r'na'^b' + UMNXaH' (4.57) 

where u are complex valued, and 'q^jX is a basis for A^. It is also useful to recall the 
formula We also have the formula 

1 ^ 1 

10 



which holds for any positive chirahty spinor ifj. Requiring that the holonomy of the 
supercovariant connection he in S'L(16, C) imphes that 



umnB{x,^) = ^ (4.59) 

which ehminates the contribution to TZMN,ab' from UMNXa^w- Combining these expres- 
sions, one obtains Hence we are left with 

T^MN,ab' = UMN,rVa^b' 

1 ^ 1 

= -Y^«M7v,.5;]^i^(r]^^^M....A,,^^)(^^^^^■•■^^'=)a^.' (4.60) 
which in turn relates T^, to umn,t via 

1 

(^MAr)^i^2A3A4 = --r7:UMN,rB{rf ,VA^A2A-iAA^) ■ (4.61) 

lo 

To proceed, we relate the components of and to those of UMN,r for the three 
different types of canonical normal spinor z/, and then translate the constraints on and 

into constraints on UMN,r- The analysis for all possible normals was first constructed 
in [2], which we also present here in the remainder of this section. 

4.1 5'j9m( 7) -invariant normal 

The normal direction can be chosen as = 65 + 612345. A suitable basis such that fl4.59p 
is automatically satisfied is 

= ^e°^^^^^^e^,^,^35 , 77+ = 1 - 61234 , (4.62) 
where a, P = 1, 2, 3, 4. By considering the relation 

{T')p^P^ = -^UrB{rj'', Tp^p^u) , (4.63) 
lb 

where the form indices MN have been suppressed in (T^) and in Ur, we find the relations 

{T'U^ = {T')., = {T'U = 0, {T')^, = -^u,, (T2)+, = ~u,, 

iT'),u = -Y^^J^'^'n^p, , (T'),, = lu^S,, , {T')^, = ^u-,, . (4.64) 
Note that UMN,r are complex valued. To proceed, observe that 

u+ = 2(r2)," (4.65) 
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and hence, making use of the constraint {Tljj^)p^p^ — {Tp^p^MN, we find that 

iTlp),v = Yq{T'/)x'5^-p5,, . (4.66) 

Next note that (making use of (T^)-^ = 0) 

= (r^^)/ = (T^^)/ + (T%^)/ . (4.67) 

However, 

/'7-2 _N a _ 1 ,3i^2/33„, Pihh(T'^- -\- - _n a 

by the Bianchi identity. Hence, it follows that {T'^^^)^/ — 0, which implies that 
{T'^/)x^ = 0. Hence 

{T\^),, = (4.69) 

so 

Ua^,+ = . (4.70) 

Similarly, we also have 

{T^+a)i,P = -U+a,+S^,p (4.71) 

and hence u+a,+ = '2{T'^+a)x^, so 

{T\a),.^l{T\a)x%.. (4.72) 

Next, note that 

= (T^iv+)/ = {T\^V + iT'.+V > (4-73) 
where we have made use of (T^)+_ = 0. However, (T^o.^)^'^ = from the Bianchi 
identity, hence {T^a+)n'' = also. This imphes that {T^+a)x^ = 0, so {T'^+a)^iP = 0. 
Therefore = 0. Also, (T^+a)^p = imphes that {T'^+a)iJ.p — (as is real), hence 

it follows that = 0. 

The vanishing of {T'^np)-a, {T'^i^p)-a, and (r^^p)+_ also implies that U-a,+ = 0, 
u^a,+ — and = 0. Next, consider 

iT\0)^,v = ^Uap,+S^u . (4.74) 

Contracting with e"^^x and using the Bianchi identity we find 'Uq/3,+ = 0, so (T'^ai3)^ip = 0. 
As is real, this implies that {T'^a0)iJ.i> = 0) which then fixes = 0. So all 

components of tt+ vanish. 

Next, recall that {T^)+ij. — —^Ufj,. Then the vanishing of (T^+^)q,^, (T^+^)_q,, 
(r2+^)_a and (7^+^)-+ imphes that 



ap,n = 0, «-a,M = 0, W-a,M = 0, 'U_+,^ = . (4.75) 
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Next note that 

iT\^)^, = iT\,U = -\ear{T\,)-,, . (4.76) 

However, we also have (T^_,_[^)p^] = 0. Together with (T^)^^. = this imphes that 
(T'^+ij.)pa = and hence (T^q,^)_|_^ = also. Hence tta/j,^ = 0. Furthermore, (T^p^.)^^ = 
implies that u^^^^ = as well. 

Next consider {T'^)+p = -^Up. The vanishing of (T^^^)^^, (r\^)_„, {T'^+p)_a, 
(T%^)_+, iT'^+fi)ap and (T^^^)^^ implies that 



UaP,p = 0, = 0, U_s,,fi = 0, = 0, = 0, U^^^^fi = . (4.77) 

Next consider the constraint iT^)fiu = ^Ufip. As 

{T\^)f,, = (T%p),^ = , (4.78) 

it follows that u^^^pp = 0. Similarly, the vanishing of {T'^fiu)-a, (T'^fiu)-a , {T'^fiu)+-, 
{T^fip)+a and {T^fiu)+a implies that 

'^—a,fiP 0, U—a,pu 0, ti-i — ^pp 0, fJ'+a,fiu 0, U^Q^pp . (4.79) 

Next consider the Bianchi identity 

iT\[fs)pp] = . (4.80) 



(Th)-,^ = -oeAp'''H^'^/3)A.A. = , (4.81) 



As ii+ = 0, it follows that {T'^au)/3u = 0, and hence iT'^ai3)p.u = 0. Therefore Uap^p = 0. 
Also ^ 

SO u^p pp = 0. Hence all components of u^p vanish. 

To summarize, these constraints fix all components of Ur to vanish, with the exception 
of u+A,B where A, B are su{4) indices. As 

{T\a)+b = -lu+A,B , (4.82) 

it follows that u^a.b is symmetric in A, B. 

Next consider the 4-forms. It turns out that all components of T'* are forced to vanish 
by the above constraints with the exception of 

(T^)+^iup = ~-^^puUp + -SppUp , {T^)+pup = —-^Uo,e^ ppp . (4.83) 
Using (14.821) . this implies that 
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{T^)+fiup = {T'^)+u5-pp - {T'^)+-p5yp , {T^)+-pup = 2(T^)+«e"/ipp . (4.84) 

This implies that is entirely real, so that F is covariantly constant. Furthermore, 
(T^+Ai)+yi2A3A4 is totally antisymmetric in ^1,^2,^3,^4. Recall that iT'^M[Pi)p2P3P4P5] 
is self-dual in the five anti-symmetrized indices. Hence (T'^+ai) +020304 must vanish. Then 
fOD implies that {T^+a)+p = 0. 
Also consider 

iT'^+a)+pup = Spp(T'^+a)+u ~ ^vpir"^ +ol)+p, ■ (4.85) 

Contracting this identity gives 

(rV)+MA' = -^{T\a)+p ■ (4.86) 

However, the self-duality condition implies that {T'^+a)+pX^ = 0, and hence (T^+q,)+/3 = 
also. Therefore, all components of and are constrained to vanish. 

4.2 5*^7(4) IX M^-invariant normal 

The normal spinor direction is taken to be 

u = {n- £ + im)e5 + {n + i + im)ei2345 , (4.87) 
and a basis in the space of Killing spinors such that (14.591) is satisfied is 

r/" = ^e"^^^'*e^,^,^35 , rj^ = {n - i + im)l - {n + i + im)ei2M ■ (4.88) 
is constrained by 

(T'U^ = (T^)-, = (T^)-, = , 

{T'^)+p = -l{n- i + im)Uf, , {T'^)+fi = ~{n + i + im)up , 

6 o 

{T^)pu = -^in-e + im)ej^'^'u0^p^ , iT^)p, = ^{{n + imf - f)u+Sp, , 
(T2)^p = hn + i + zm)up^ . (4.89) 

o 

The analysis proceeds depending on whether or not (n + zm)^ — i"^ vanishes. There are 
three cases but two of them are related by a Spin{9, 1) transformation. So there are two 
independent cases to consider. 
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4.2.1 Generic solutions {{n + im)'^ — i'^ ^ 0) 

In this case there are no restrictions on the spacetime functions n, m and £. It is then 
straightforward to see, using the same reasoning as in the Spin{7) k analysis, that 
all components of Ur vanish except for u+a,b, where A = {a, a), B = and 



{T'^+a)+ii = -\{n - i + im)u+a,f3 , {T^+a)+^ = ~{n + i + im)u+^^p . (4.90) 



Similarly, it turns out that all components of are forced to vanish by the above 
constraints with the exception of 









iT'^)+fiup = 


^{n-i + im) {u^5yp - uj^p) , 






hn + i + im) (Sf,pUp - Sf,pUp) , 
o 




{T'^)+fLVp = 


~{n + e + im)uae" ppp . 


(4.91) 


As (T^+Ai)+A2A3A4 is totally antisymmetric in A, self-duality implies that (T^^ 


-o)+/3p(T 



0, and hence m+q,j = 0. Therefore (r^+a)_|_^ = 0, and hence (T^+a)+^ = also implies 

M+S,/3 = 0. 

Furthermore, we also have 

(rV)+a/ = lin-i + im)u+p,o. . (4.92) 

o 

As the left-hand side of this expression must vanish by self-duality, we find M+0,/3 = 0. 
Hence (T^+q)+(3 = 0, and so (T^+q)+^ = also implies that = 0. Therefore all 

components of the Ur vanish, so all components of and are constrained to vanish 
as well. 



4.2.2 Pure spinor solution ((n + im)'^ — = 0) 

There are two pure spinor cases that one can consider depending on whether m = 0, 
n = i OT m = 0, n = —£ ^ 0. The normal directions are either u = 61234 or = 1, 
respectively. However, these two normals are related by a Spin{9, 1) transformation. 
So it suffices to consider one of the two CcLSGS cLS the other will follow by virtue of the 
Spin{9, 1) gauge symmetry of the Killing spinor equations. So let us investigate the case 
m = 0,n = i. Then (09]) implies that iT'^)+a = 0. Therefore, {T^)+a = 0, so = 0. 
Furthermore, (T^)af3 = 0, so (T^)^^ = also, and therefore = 0. These constraints 
are sufficient to fix = 0, however and Ua are not fixed by constraints involving T^. 
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It is straightforward to see that the only non-vanishing components of are given 

by 

To proceed, note that the self-duahty constraint fixes (T'^+a)+af3x = 0, so m+^^q = 0. 
Also, {T^+^)+^pi = -{T'^+a)+a0-\ = 0, so w+/3,a = 0. Furthermore {T^[f,u)a0-\a] = 
which implies iT^ij.u)a0Xa = and hence u^^^+ = 0. Also, iT^[-,y)a^xa] = implies 

{T^-u)a^-Xa = 0, so = 0. 

Next, consider the following relation implied by self-duality: 

i.T'^+['')aPXa] = -Q^aPXa(^u^^^'^^^(T^+[-)+h>^2X3] ' (4.94) 

This implies that 

nu+a,+ = --u+^^a ■ (4.95) 

However, (T^+^)^i^i^x3 = -{T'^+Xi)+-X2X3 = 0, which implies that = 0, so u+a,+ = 

as well. Also, (T'^[-p)+ai3X] = 0; which implies iT'^-p)+a^x = so u^a,i3 = 0. 
Also note that {T^-(a)0)paX = -(^^p(a);3)-aA = 0, so 

«-a,+e^p<xA + W-/3,+eapaA = . (4.96) 

Contracting this expression with e^^'^'^ yields = 0. 

Next consider (T^^{+)a)^xa = ~{'^^^{+)a)-Xa = 0- This implies that 

n^u.+^+e^^l^ - -u-a,pep-x/ = (4.97) 

and on contracting with e^^'^^, we find 

u-a,p = -2n6apU_+^+ . (4.98) 

However, self-duality implies that (T'^~i+)af3Xa] = 0, which when combined with fl4.98p is 
sufficient to constrain = and hence u^a,fi = as well. 

Next, note that {T^p(p)a)0-xp = -(r^^(p)a)^Ap = 0, hence 

Upu,+ea^xp + Upa,+ep0xp = . (4.99) 

On contracting this identity with e'^/^'^^ we find u^p^^ = 0. 

The constraint (T^+(^fi)^-^^xa = ~{T'^0([i)a)+Xa implies, on contracting with e"/^-^'^^ that 

6nn+^,+ = -S^^u^f,,^ (4.100) 

and furthermore the self-duality constraint (T^ fi[+) apxa] = implies, on contracting with 
e°^^^, that 

2An\+p,+ - 12n6P^u^p^p = . (4.101) 
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This constraint, together with fl4.100p imphes that = and d^^Up^^p = 0. Next 

note that iT'^p{u)a)ppa = ~iT'^f3(u)a)fipa- Contracting this constraint with e°^^°" gives 
= 0. 

Combining all of these constraints fixes all components of tt+ to vanish. To fix the 
remaining components of u^, note that (7'^^(p)+)a/3A = ~{T'^a(v)+)jij3\ implies that 

^ap\'''^liu,p = ~^p.^X^''J'au,p (4.102) 

and on contracting this expression with e^^'^o- and using the constraint S'^^Uf^p^p = 
which we have already obtained, we find M^p^o- = 0. 

Next, note that the constraint (T'^p{u)+)a^\ = ~iT'^a(u)+)pi3\ = together with m+ = 
implies that {T^^p)+s.^-x = 0, so M^p,p = 0. Finally, {T'^^(u)+)a^\ = -iT^a{u)+)pp-x = 
together with u+ = imply that iT'^pu)+ai3x = 0; so Ufj^^^p = 0. 

These constraints are then sufficient to fix Uq, = 0, and hence all components of Ur 
vanish, as do and T^. 

4.3 G2-invariant normal 

The normal spinor can be chosen as 

u = n(e5 + 612345) + imiei + 6334) • (4.103) 

By using a gauge transformation of the form e^^+~ for real /, we can without loss of 
generality set m = ±n, and so we take the normal spinor direction as 

= 65 + 612345 ± ^(ei + 6234) • (4.104) 

A basis of spinors compatible with (14.591) is 

V~ = ei5 + 62345 =F «(1 + 61234) , T]^ = 1- 61234 , 

1 



~ 2' 



V = 615 - 62345 , ^ = eip , 7] = -epqrCgr , 



= , = ^(^pqreqr ^ , (4.105) 

where p,q,r = 1, 2, 3. We then find the following constraints on T^: 

(T'U- = ±\u_, (t2)+i = -!(«_- «i) , (T2)+i = -l(ti_ + t.i) , 

2 1 2 1 

)+p = -Up , (T )+p = — g% ) 

{T')-i = -^(-«- T tu+) , (T2)_i = -^(-«- ± m+) , (T2)_p = ±'-u,p , 

{T^).p = t'^uip, (4.106) 
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.2, 1 1 



{T )ii = --(±^^^1 - u+) , (T )ip = -g^^ip , (T )ip = T-Up , 

1 - 1 

(r^)pg = -oep/(Mif±^?^f) , {T^)pq = -s^pg{-'^+Tiui) , 
o o 

(r2)M = -lep^'i-UirTtUr) . (4.107) 

o 

These constraints imply that 

u_ = T^i{T^)+- , = -4((T2)+i - {T^)+i) , Up = 8(T2)+p , 
Up = -8{T^)+p , n+ = ±4z((T2)_i - (T^).!) , u,p = -8{T^),p , 
u,p = 8(T2)jp. (4.108) 
Substituting (14.108^ back into ( I4.107P gives the constraints 

(T2)+i + (T2)+i = ±z(T2)+_, {T')^^ + {T')_-, = T^{T'U- , 
(T^)_p = T^(T2)i, , (T2)_, = T^(r2)ip, 

{T'),-i = ±1 {{T')+i - (T^)+i + (T^)-i - (T2)-i) , (4.109) 

iT'),p = ±z(T2)_,,, iT'),, = ±tiT')^,, 
{T\, = ep/(-(T2)i,±z(T2)+,) , 



{T%g = ep{{-{T'),r±i{T')+r) . (4.110) 

MAT 



By taking the complex conjugate of these expressions, and using the fact that Tf 



is real, one immediately finds that all components of Tf^^ must vanish. This implies, 
through (14.1081) . that all components of Ur vanish, and therefore all components of 
vanish as well. 



5 Solutions with = 29 Killing Spinors 

The analysis of solutions preserving 29/32 of the supersymmetry is straightforward. 
First, the results of [12] imply that for such solutions, P = 0. With this constraint, the 
algebraic constraint (12.91) is linear over C, and so, if (12. 9p admits 29 linearly independent 
solutions, it must admit 30 linearly independent solutions. Then, by the results of the 
previous section, it follows that (12. 9p implies that G = 0. Finally, as P = 0, G = 0, the 
gravitino Killing spinor equation (12. 6p is also linear over C, so if it admits 29 linearly 
independent solutions, it must admit 30 linearly independent solutions, and hence by 
the results of the previous section, the solution must be locally isometric to a maximally 
super symmetric solution. 
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6 Conclusions 



In this paper, we have reviewed the work of [Ij and [2J in which is shown that all solutions 
of type IIB supergravity preserving 29/32, 30/32 and 31/32 of the supersymmetry are 
locally isometric to maximally supersymmetric solutions. However, in order to entirely 
exclude the existence of such solutions, one must also show that such solutions cannot 
arise via quotients of maximally supersymmetric solutions. We remark that this can 
occur in some supergravity theories; for example, it has been shown that all solutions 
preserving 3/4 of the supersymmetry in minimal gauged = 2, D = 4 supergravity are 
locally isometric to the (unique) maximally supersymmetric solution AdS4 [43j. How- 
ever, is is possible to explicitly construct a discrete quotient of AdS4 which breaks the 
supersymmetry from maximal to 3/4 [S]. However, in the case of IIB supergravity, the 
analysis of 31/32 supersymmetric solutions presented here is sufficient to imply that there 
are no quotients of maximally supersymmetric solutions preserving exactly 31/32 of the 
supersymmetry. This is because the constraints P = 0, G = imply that the Killing 
spinor equations are linear over C, and so the space of Killing spinors is even-dimensional. 
In fact, it has been shown in [2] that there are also no quotients of maximally supersym- 
metric solutions which preserve exactly 30/32 or 29/32 of the supersymmetry. In the 
case of D = 11 supergravity, it has been shown that all 31/32-supersymmetric solutions 
are locally maximally supersymmetric [35], and that there are no quotients of maximally 
supersymmetric solutions which preserve 31/32 of the supersymmetry [36] . 

Having established these results, it is natural to attempt to extend the analysis pre- 
sented here to include solutions preserving lower proportions of supersymmetry. In the 
case of IIB supergravity, it is known that there exists a solution preserving 28/32 of 
the supersymmetry. The solution is a plane wave geometry found in [35]. This solution 
has as expected, P = 0, with F 7^ 0, and G ^ 0. It should be noted that the integra- 
bility conditions of IIB supergravity are significantly more complicated when one has 
non-vanishing G, so we expect the analysis to be considerably more involved. Similar 
calculations should also be possible in D = 11 supergravity. Analogous homogeneity re- 
sults have been constructed in D = 11 supergravity, it has been proven that all solutions 
preserving more than 24/32 of the supersymmetry are homogeneous [Hj. However, the 
structure of the Killing spinor equation of D = 11 supergravity differs from the Killing 
spinor equations of IIB supergravity. There is no purely algebraic Killing spinor equation 
in D = 11 supergravity, which could be readily simplified by making use of homogeneity. 
One must instead work directly with the integrability conditions of the gravitino equa- 
tion, which have a rather complicated structure. Nevertheless, it is reasonable to expect 
that the homogeneity of solutions preserving more than 24/32 of supersymmetry in IIB 
and D = 11 supergravity should play an important role in constructing classifications of 
these solutions, it would be interesting to obtain these classifications. 
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